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A KUNNETH FORMULA FOR BREDON
COHOMOLOGY OF PULLBACKS AND TWISTED
K-THEORY OF SOME 6-DIMENSIONAL ORBIFOLDS.
GERMAN COMBARIZA AND MARIO VELA´SQUEZ
Abstract. In this paper we prove a Kunneth formula for Bredon
cohomology for actions of a pullback of groups. We show how this
formula can be used to compute orbifold twisted K-theory for some
discrete twistings. Using that result, we compute orbifold K-theory
for some 6-dimensional orbifolds introduced by Vafa and Witten.
These examples also show the limitations of the method.
Introduction
One of the useful tools in singular cohomology is the Kunneth for-
mula. Let X and Y be topological spaces, it allows to compute H∗(X×
Y ) given knowledge of H∗(X) and H∗(Y ). An interesting problem is
to extend that result to extraordinary cohomology theories. A remark-
able case is equivariant K-theory, introduced by Segal in [Seg68] and
defined for proper actions of discrete groups in [LO01]. Let Γ be a dis-
crete group acting properly on spaces X and Y , one wants to compute
K∗G(X × Y )
in terms of K∗G(X) and K
∗
G(Y ). In this case, to obtain an analogue to
the Kunneth formula is an open problem for actions of discrete groups
(even for finite groups). For actions of Z/2Z a Kunneth theorem was
proved in [Ros13].
An approximation of that problem is to consider Bredon cohomology.
When we take coefficients in the Bredon module of representations
(see Def. 1.3) there is an spectral sequence converging to equivariant
K-theory whose E2-term correspond Bredon cohomology.
Let Γ be a discrete group which is obtained as a pullback diagram
(0.1) Γ
p2
//
p1

H
π2

G π1
// K
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When the maps π1 and π2 are clear from the context we denote this
pullback by G×K H .
IfX is a properG-CW-complex and Y is aH-CW-complex, the space
X × Y is naturally a Γ-CW-complex. In Theorem 3.11 we provide
a Kunneth formula computing Γ-equivariant Bredon cohomology of
X × Y in terms of Bredon cohomology of X and Y .
One of the advantages to work with pullbacks is that this includes
some interesting cases. For example
• If K is the trivial group we obtain a Kunneth formula for the
action of the direct product G×H over X × Y .
• If K = G = H , we obtain a Kunneth formula for the diagonal
action of G over a product X × Y .
On the other hand if we take Bredon cohomology with constant co-
efficients we obtain a Kunneth formula for group cohomology of pull-
backs.
As our main application in Corollary 4.8 and Theorem 4.12 we com-
pute the orbifold K-theory and twisted orbifold K-theory (for an spe-
cific twisting) of some celebrated examples presented in [VW95].
These orbifolds are 6-dimensional, this makes very difficult to com-
pute their K-theories directly. Using our formula we obtain a sim-
ple calculation of it. These examples also show the limitations of our
method (Remark 4.9).
This paper continues the work started in [BJV13] where some cal-
culations concerning pullbacks of groups were made. We clarify some
questions that appear in that work about the computation of twisted
K-theory for pullbacks.
1. Tensor product of Bredon modules
In this section we introduce the notion of tensor product of Bredon
modules over a Green functor.
Let R be a commutative ring with unity. Let Or(G) be the orbit
category of G; it is a category with objects G/H for each subgroup
H ⊆ G and with morphisms given by G-equivariant maps where every
G-equivariant map G/H 7→ G/K is multiplication by an element g ∈ G
such that gHg−1 ⊆ K. In a similar way one can also define the orbit
category relative to a family of groups F , which we denote by OrF(G).
For more information about OrF(G) the reader can consult [DL98].
Recall that a Bredon R-module over F (or simply a Bredon module
over F if R is clear from the context) is a contravariant functor
OrF (G)→ R −MODULES.
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A Mackey functor over OrF(G) is a bifunctor
M = (M∗,M
∗) : OrF(G)→ R−MODULES,
satisfying certain double coset formula. For details consult [Web00].
Definition 1.1. A Green functor over OrF(G) is a Mackey functor N
together with a natural pairing N×N → N such that for every G/P ∈
OrF(G) the map N (G/P ) × N (G/P ) → N (G/P ) makes N (G/P ) a
commutative ring.
Example 1.2. Let R be a commutative ring with unity. The trivial
functor
R : OrF(G)→ R−MODULES
such that G/H 7→ R for every subgroup H ∈ F , is a Green functor.
Example 1.3. Let G be a discrete group. Let FING be the family of
finite subgroups of G (or simply FIN if G is clear from the context).
The representation functor is a Bredon module
RG : OrFIN (G)→ Z−MODULES
which associates to every object G/H with H ∈ FIN its representa-
tion ring R(H). The representation functor is a Green functor.
Now we will define a notion of tensor product of Bredon modules over
a Green functor. To define it we need to recall the notion of module
over a Green functor.
Definition 1.4. Let N be a Green functor over OrF(G). An N -
module consists of a Bredon module M over OrF(G) and a natural
transformation N ×M → M such that for every subgroup P ∈ F ,
each pairing morphism
N (G/P )×M(G/P )→M(G/P )
endows to M(G/P ) with a unitary N (G/P )-module structure.
Definition 1.5. Let F a family of subgroups of G. Let f : G→ K be
a group homomorphism, and let N be a Green functor over Orf(F)(K)
we define the Green functor f ∗N over OrF (G) as follows
f ∗N : OrF(G)→ Z−MODULES
G/P → N (K/f(P )).
Example 1.6. Let Γ be a group as in the diagram (0.1). The Bredon
module RΓ, is a p∗1R
G-module, a p∗2R
H -module as well a (π1 ◦ p1)∗RK-
module.
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Definition 1.7. Let Γ be a group coming from a diagram (0.1). Let
F be a family of subgroups of K, F1 be a family of subgroups of G
and F2 be a family of subgroups of H . We say that (F ,F1,F2) are a
sequence of compatible families of subgroups for Γ if π1(F1) ⊆ F and
π2(F2) ⊆ F .
Let (F ,F1,F2) be a sequence of compatible families of subgroups of
Γ, we denote by F1 ×F F2 to the family of subgroups of Γ defined as
F1 ×F F2 = {P ×π1(P ) Q | P ∈ F1, and Q ∈ F2}.
Definition 1.8. Consider the diagram (0.1). Let (F ,F1,F2) be a
sequence of compatible families of subgroups for Γ. Let N be a Bredon
module over OrF(K), let M1 be a (π∗1N )-module over OrF1(G) and
M2 be a (π∗2N )-module over OrF2(H). We define the tensor product
M1⊗N M2. It is the (π1 ◦ p1)∗N -module over OrF1×FF2(Γ), satisfying
(M1 ⊗N M2) : OrF1×FF2(Γ)→ Z−MODULES
Γ/(P ×π1(P ) Q) 7→ M1(G/P )⊗N (K/π1(P )) M2(H/Q)
2. Bredon cohomology associated to twisted K-theory
In this section we briefly recall the definition of Bredon cohomology
with coefficients in a Bredon module, then define twisted K-theory for
discrete torsion and using the coefficients of this theory we define a
Bredon module associated to twisted K-theory.
2.1. Bredon cohomology.
Definition 2.1. Let F be a family of subgroups of G. A G-CW com-
plex is a CW complex with a G-action permuting the cells and such
that if a cell is sent to itself, this is done by the identity map. A F -G-
CW-complex is a G-CW-complex where all cell stabilizers are elements
of F . A FIN -G-CW-complex is called a proper G-CW-complex.
Let X be a F -G-CW-complex. The cellular chain complex of X is
defined as the Z-graded Bredon module
CGn (X) : OrF(G)→ Z−MODULES
CGn (X)(G/H) = Hn((X
(n))H , (X(n−1))H ;Z)
together with a boundary map
∂ : CGn (X)→ C
G
n−1(X)
induced from the cellular boundary map, with ∂2 = 0.
Consider two Bredon modules M and M′, we denote by
HomOrF (G)(M,M
′)
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the abelian group of natural transformations fromM toM′. Let X be
a F -G-CW-complex and M a Bredon module over OrF(G), we define
the Bredon cochain complex with coefficients in M as
CnF(X ;M) = HomOrF (G)(Cn(X),M), with δ = HomOrF (G)(∂, id).
The homology of this complex is called the Bredon cohomology of
X with coefficients in M with respect to the family F , denoted by
H∗F(X ;M) or also by H
∗
G(X ;M) when the family F is clear from the
context.
2.2. Twisted K-theory. Equivariant twisted K-theory was defined
by Atiyah and Segal in [AS04] for actions of compact Lie groups. The
case of proper actions of discrete groups was treated in [BEJU14] for
general twistings. On the other hand, the approach in [AR03] for orb-
ifold twisted K-theory for discrete torsion has the advantage of a more
concrete description using finite dimensional vector bundles. As is
showed in [Dwy08], the last approach can be adapted to the case of
proper actions of discrete groups and discrete torsion. In this section
we briefly recall this construction.
Let V be a finite dimensional complex vector space, let GL(V ) be the
group of invertible linear transformations of V . Consider the central
extension
(2.2) 0→ C∗ → GL(V )
π
−→ GL(V )/C∗ → 0.
We denote the quotient group in the above extension by PGL(V ).
Definition 2.3. A projective representation of G is a pair (ρ, V ) where
V is a finite dimensional complex vector space and
ρ : G→ PGL(V )
is a homomorphism.
Now if we choose a map (not a homomorphism)
f : PGL(V )→ GL(V )
such that π ◦ f = id and take the pullback of the extension 2.2, we
have a commutative diagram
0 // C∗ // GL(V ) π
// PGL(V ) //
f
vv
0
0 // C∗
id
OO
// ρ∗G
ρ¯
OO
π1
// G
ρ
OO
// 0
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Consider the map σ = f ◦ ρ and define
α : G×G→ C ⊆ GL(V )
(g, h) 7→ α(g, h) = σ(g)σ(h)σ(gh)−1.
An straighforward calculation shows that α ∈ Z2(G;C∗).
Definition 2.4. Let V be a complex vector space. Let us fix α ∈
Z2(G;C∗). An α-projective representation of G is a map σ : G →
GL(V ) satisfying
(i) σ(g)σ(h) = α(g, h)σ(gh) for all g, h ∈ G, and
(ii) σ(1) = id.
Notice that α has to be a cocycle in Z2(G,C∗), satisfying α(g, 1) =
α(1, g) = 1.
The direct sum of two α-twisted representations is again an α-twisted
representation. We denote by Rα(G) to the Grothendieck group associ-
ated to the monoid of isomorphism classes of α-twisted representations
of G.
The tensor product of an α-twisted representation with a β-twisted
representation is an (α+β)-twisted representation. It can be extended
to Grothendieck groups obtaining a product
Rα(G)⊗ Rβ(G)→ Rα+β(G).
An interesting property of the groups Rα(G) is the following.
Theorem 2.5. If α is cohomologous to β, then there is a bijective
correspondence between α-twisted representations of G and β-twisted
representations of G, and an isomorphism of abelian groups
Rα(G) ∼= Rβ(G).
More details on projective representations can be found in Section 2
of [Dwy08] or in [Kar94].
Now we recall the definition of equivariant twisted K-theory for this
kind of twistings. Let α ∈ Z2(G, S1) be a torsion cocycle of order n.
One can assume that the cocycle takes values in Z/nZ ⊆ S1. We call
such a cocycle normalized. Then we can assign to α a central extension
of G by Z/nZ as follows.
(2.6) 1→ Z/nZ→ Gα
ρ
−→ G,→ 1
where Gα as a set is G×Z/nZ and if we denote by σ a fixed generator
of Z/nZ, the product is given by
(g, σj) · (h, σk) = (gh, α(g, h)σj+k).
We have the following theorem. For a proof consult [Dwy08].
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Theorem 2.7. Let G be a finite group and let α be a 2-cocycle taking
values in Z/nZ. There is a bijective correspondence between α-twisted
representations of G and representations of Gα where σ acts by multi-
plication by e2πi/n
Definition 2.8. Let G be a discrete group and α ∈ Z2(G, S1) be
a normalized cocycle of finite order n, consider the central extension
(2.6) associated to α. Let X be a finite, proper G-CW-complex. An
α-twisted G-vector bundle over X is a complex Gα-vector bundle p :
E → X such that
(i) The action of Gα on E covers the action of G on X . That
means, for every g ∈ Gα and z ∈ E
p(g · z) = ρ(g) · p(z).
(ii) The action of Z/nZ on E is given by multiplication by e2πi/n
on the fibers.
If E and F are both α-twisted G-vector bundles, then so is E ⊕
F . Then one can consider the monoid of isomorphism classes of α-
twisted vector bundles with the operation of direct sum. Let αKG(X)
the associated Grothendieck group. Similarly to the case of twisted
representations, αKG(X) is not a ring, but we have an external product
αKG(X)⊗
βKG(X)→
α+βKG(X),
analogous to the product in twisted representations. For details on this
product see Theorem 3.4 in [Dwy08].
One crucial property of the above construction of twisted K-theory
is the following. Consider an extension as (2.6), we have an inclusion
αKG(X)→ KGα(X),
for every finite proper G-CW-complex. It allows to extend many results
obtained for equivariant K-theory for proper actions to the twisted case.
In particular results from [LO01].
Definition 2.9 (Def. 4.4 in [AR03]). Suppose that X/G (With G a
finite group) is a quotient orbifold, and let α ∈ Z2(G;S1) be a torsion
2-cocycle, then one can define its α-twisted orbifold K-theory just as
its α-twisted G-equivariant K-theory, in other words
αK∗orb(X/G) =
αK∗G(X).
Remark 2.10. There is a more general definition of twisted K-theory
taking twistings as projective unitary stable equivariant bundles, they
are classified by third degree integer cohomology classes of X ×G EG
(see [AS04] and [BEJU14]). However given a torsion cocycle α ∈
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Z2(G;S1) it is possible to associate a projective unitary stable equivari-
ant bundle to α in such way that both definition of twisted K-theory
are equivalent in this case. For details see Sec. 5.4 in [BEUV13].
2.3. The Bredon module of projective representations. Fix a
normalized torsion cocycle α ∈ Z2(G, S1). We define a Bredon module
Rα over OrFIN (G). On objects its defined by Rα(G/H) = Rα(H)
and on morphism as follows, if φ : G/H → G/K is a morphism in
OrFIN (G), φ is determined by an element g ∈ G with gHg−1 ⊆ K
and φ(g′H) = g′gK. We define Rα(φ) : Rα(K) → Rα(H) as the
composition
Rα(K)
i∗
−→ Rα(gHg
−1)
c∗g
−→ Rα(H),
where the first map is the pullback of the inclusion i : gHg−1 → K and
the last one is the pullback of the isomorphism induced by conjugation
by g.
Definition 2.11. Let X be a proper G-CW-complex. The graded
group H∗G(X ;Rα) is called the α-twisted Bredon cohomology of X .
2.4. Spectral sequence. There is an spectral sequence constructed
by Davis and Luck converging to equivariant K-theory for proper G-
CW-complexes whose E2-term is given in terms of Bredon cohomology.
One can adapt this spectral sequence to be used in the case of twisted
K-theory for discrete torsion. For a more general approach the reader
can consult [BEUV13].
Theorem 2.12. Let X be a finite G-CW-complex and let α ∈ Z2(G, S1)
be a normalized torsion cocycle. Then there is a spectral sequence with
Ep,q2 =
{
HpG(X ;Rα) if q is even
0 if q is odd
so that Ep,q∞ ⇒
αKp+qG (X).
3. Pullback of groups
Let Γ be a group as in diagram (0.1). In this section we describe the
representation ring of a finite subgroup of Γ in terms of the represen-
tation rings of finite subgroups of G, H and K. Using that description
and the algebraic Kunneth formula we obtain the main result of the
paper.
If the group Γ comes from a diagram (0.1) then it is isomorphic to a
subgroup of G×H , namely Γ ∼= {(g, h) ∈ G×H | π1(g) = π2(h)}.
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3.1. The representation ring of a pullback. Consider a pullback
diagram of finite groups
(3.1) Λ
p2
//
p1

Q
π2

P
π1
// S
If we apply the representation ring functor we obtain the following
diagram
(3.2) R(Λ) R(Q)
p∗2
oo
R(P )
p∗1
OO
R(S).
π∗1
oo
π∗2
OO
We will prove that diagram (3.2) is a pushout. In other words we have
the following theorem.
Theorem 3.3. Let Λ, Q, P and S be finite groups as in diagram (3.1).
There is a ring isomorphism
m : R(P )⊗R(S) R(Q)→ R(Λ).
Proof. In order to avoid confusion, in this proof we denote the product
on R(Λ), R(P ) and R(Q) by · and the generators of the tensor product
by ρ⊗ γ.
The map m is defined as
m : R(P )⊗R(S) R(Q)→ R(Λ)
ρ⊗ γ 7→ p∗1(ρ) · p
∗
2(γ).
First we prove that the map m is well defined. Let ξ ∈ R(S), ρ ∈
R(P ) and γ ∈ R(Q), it is enough to prove that the elements
m(π∗1(ξ) · ρ⊗ γ) and m(ρ⊗ π
∗
2(ξ) · γ)
in R(Λ) have the same character. Let (g, h) ∈ Λ
Ch
(
m(π∗1(ξ) · ρ⊗ γ)
)
(g, h) = Ch
(
p∗1(π
∗
1(ξ)) · p
∗
1(ρ) · p
∗
2(γ)
)
(g, h)
= Ch(π∗1(ξ) · ρ)(g) Ch(γ)(h)
= Ch(ξ)(π1(g)) Ch(ρ)(g) Ch(γ)(h)
= Ch(ρ)(g) Ch(ξ)(π2(h)) Ch(γ)(h)
= Ch
(
m(ρ⊗ π∗2(ξ) · γ)
)
(g, h)
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Now we will prove that m is an isomorphism. Consider the following
diagram with exact rows
0 // ker(π) //
m2

R(P )⊗Z R(Q)
π
//
m1

R(P )⊗R(S) R(Q) //
m

0
0 // ker(i∗) // R(P ×Q)
i∗
// R(Λ) // 0
where map π is the quotient by all relations defining the tensor product
over R(S), the map i∗ is the pullback of the inclusion i : Λ → P × Q,
the map m1 is the natural isomorphism given by tensor product over Z
and the map m2 is the restriction of m1 to ker(π). We will prove that
the above diagram is commutative and that m2 is an isomorphism.
First we need to verify that m1(ker(π)) ⊆ ker(i∗). Let (g, h) ∈ Λ,
Ch
(
i∗(m2(π
∗
1(ξ) · ρ⊗ γ − ρ⊗ π
∗
2(ξ) · γ))
)
(g, h) =
Ch
(
p∗1(π
∗
1(ξ)) · p
∗
1(ρ) · p
∗
2(γ)− p
∗
1(ρ) · p
∗
2(π
∗
2(ξ)) · p
∗
2(γ)
)
(g, h) = 0
Now we prove that ker(i∗) = m1(ker(π)). For this we will prove that
if f is a class function in P ×Q such that i∗(f) ≡ 0 and f is orthogonal
to every character in m1(ker(π)), then f has to be zero.
Suppose that for every ξ ∈ R(S), ρ ∈ R(P ) and γ ∈ R(Q)∑
(g,h)∈P×Q
f(g, h)Ch(ρ)(g) Ch(γ)(h)[Ch(ξ)(π2(h))− Ch(ξ)(π1(g))] = 0.
Let us fix ρ ∈ R(P ) and let
η(g) =
∑
h
f(g, h)Ch(γ)(h)[Ch(ξ)(π2(h))− Ch(ξ)(π1(g))].
We observe that η is a class function on P that is orthogonal to every
ρ in R(P ), then η ≡ 0.
By a similar argument we conclude that for every (g, h) ∈ P ×Q and
ξ ∈ R(S)
(3.4) f(g, h)[Ch(ξ)(π2(h))− Ch(ξ)(π1(g))] = 0.
We already know that f(g, h) = 0 if (g, h) ∈ Λ, then let (g, h) /∈ Λ,
we have two cases. First suppose that π1(g) is conjugate to π2(h) in
S, in this case there is h¯ ∈ Q such that (g, h¯hh¯−1) ∈ Λ and then
f(g, h) = f(g, h¯hh¯−1) = 0.
Suppose now that π1(g) is not conjugate to π2(h) in S, in this case
there is ξ ∈ R(S) such that Ch(ξ)(π1(g)) 6= Ch(ξ)(π2(g)) and equation
(3.4) gives us that f(g, h) = 0. Then we conclude that ker(i∗) =
m1(ker(π)). The mapm2 is an isomorphism because it is the restriction
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of m1 and since the diagram is commutative we conclude that m is a
ring isomorphism. 
An analogous result is valid considering the twisted representation
group.
Corollary 3.5. Let Λ, Q, P and S be finite groups as in the diagram
(3.1). and let α ∈ Z2(P ;Z/nZ) be a normalized torsion cocycle. There
is an isomorphism of R(S)-modules
m : Rα(P )⊗R(S) R(Q)→ Rp∗1(α)(Λ).
3.2. Bredon cohomology of pullbacks. If X is a proper G-CW-
complex and Y is a proper H-CW-complex, the product X × Y has a
natural structure of (G×H)-CW-complex with each cell corresponding
to a product of cells of X and Y . Since Γ is a subgroup of G ×H by
Corollary 3.4.4 on [MS06] we can suppose that X × Y has a structure
of Γ-CW-complex. For this Γ-space we have the following version of
the Eilenberg-Zilber theorem.
Proposition 3.6 (Eilenberg-Zilber). Let X be a proper G-CW-complex
and Y be a proper H-CW-complex. There is a natural equivalence of
OrFING×KFINH (Γ)-chain complexes
CΓ∗ (X × Y )
∼= (CG∗ (X)⊗ C
H
∗ (Y ))|Γ.
Proof. Let P ×π1(P )Q be an element in FIN (G)×K FIN (H). It is a
well know fact that we have an isomorphism of chain complexes
fP,Q : C∗(X
P × Y Q)→ C∗(X
P )⊗Z C∗(Y
Q)
e× f → e⊗ f.
We only need to verify that it is a natural transformation. Consider
(p, q)∗ : Γ/P ×π1(P ) Q→ Γ/P
′ ×π1(P ′) Q
′
a morphism in OrFIN (G)×KFIN (H)(Γ).
We need to prove that the following diagram commutes
Cn((X × Y )
P×pi1(P )Q)
(p,q)∗
//
fP,Q

Cn((X × Y )
P ′×pi1(P ′)Q
′
)
fP ′,Q′
⊕
i+j=n
Ci(X
P )⊗Z Cj(Y Q)
⊕(p∗⊗q∗)
//
⊕
i+j=n
Ci(X
P ′)⊗Z Cj(Y Q
′
)
.
But this is clear because
(p∗ ⊗ q∗) ◦ fP,Q(e× f) = (p∗ ⊗ q∗)(e⊗ f) = pe⊗ qf,
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and
fP,Q ◦ ((p, q)∗(e× f)) = fP,Q(pe× qf) = pe× qf.

Then we have a natural equivalence of Bredon modules analogous to
the isomorphism in Theorem 3.3.
Theorem 3.7. There is a natural equivalence of Bredon modules
RG ⊗RK R
H m¯−→ RΓ.
Proof. The map m¯ is defined using the isomorphism in Theorem 3.3.
Let Γ/(P ×π1(P ) Q) ∈ OrFING×KFINH (Γ), we define
m¯(Γ/(P ×π1(P ) Q)) = mP,Q,
wheremP,Q is the isomorphism in Theorem 3.3 for the group P×π1(P )Q.
We only need to verify that this map is natural. Consider a morphism
(g, h) : Γ/(P ×π1(P ) Q)→ Γ/(P
′ ×π1(P ′) Q
′),
recall that this morphism is characterized by the condition
(P ×π1(P ) Q)
(g,h) ⊆ (P ′ ×π1(P ′) Q
′).
Following the notation in the proof of Theorem 3.3, we have
(g, h)∗(m(ξ⊗γ)) = (g, h)∗(p∗1(ξ)·p
∗
2(γ)) = (p
∗
1(ξ) · p
∗
2(γ)) |(P×pi1(P )Q)(g,h)
.
On the other hand
m((g∗ ⊗ h∗)(ξ ⊗ γ) = m(ξ |P g ⊗γ |Qh) = p
∗
1(ξ |P g) · p
∗
2(γ |Qh)
And the last terms of both expressions are the same because pullbacks
commute with restrictions on the representation ring. Then the map
m¯ is natural. 
For a Bredon module M over OrF(G) one can define the Bredon
cohomology groups of G with coefficients in M by
H i(G;M) = Exti(Z,M),
where Exti is certain functor generalizing the Ext-functor defined for
groups to the context of Bredon modules. For details consult [MV03]
on pages 7-27.
In particular we have the following result
Proposition 3.8. There is an isomorphism
H0(G;M) ∼= colimG/K∈OrF (G)M(G/K),
where we are taking the inverse limit with respect to the induced mor-
phism from the orbit category OrF(G).
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IfM is a Green functor it endows everyM(G/K) with anH0(G;M)-
module structure.
Theorem 3.9. Let M, M′ and N be Bredon modules over G, H
and K respectively, suppose that M is a π∗1N -module and M
′ is a
π∗2N -module. Then there is an isomorphism of OrFING×FINKFINH (Γ)-
cochain complexes
HomOrFIN (Γ)((C∗(X)⊗ C∗(Y )) |Γ,M⊗N M
′)→
C∗G(X,M)⊗H0(K,N ) C
∗
H(Y,M
′).
Proof. At degree n the left hand side cochain complex is⊕
eλ,fµ
HomZ
(
Z[eλ]⊗ Z[fµ],M(G/Pλ)⊗N (K/π1(Pλ)) M
′(H/Qµ)
)
.
At degree n the right hand side is(⊕
eλ
Hom(Z[eλ],M(G/Pλ))
)
⊗H0(K,N )

⊕
fµ
Hom(Z[fµ],M
′(H/Qµ))

 .
There is an isomorphism of cochain complexes of H0(K;N )-modules
from the right hand side to⊕
λ,µ
HomZ
(
(Z[eλ]⊗ Z[fµ]),M(G/Pλ)⊗H0(K,N )M
′(H/Qµ)
)
.
For every Pλ×π1(Pλ)Qµ ∈ FING×KFINH we have that theH
0(K;N )-
module structure ofM(G/Pλ), respectively ofM
′(H/Qµ), factors through
the sequences
H0(K;N )→ N(K/π1(Pλ))→M(G/Pλ)
and
H0(K;N )→ N(K/π1(Pλ))→M
′(H/Qµ).
Then the H0(K;N )-module
M(G/Pλ)⊗H0(K,N )M
′(H/Qµ)
is isomorphic to
M(G/Pλ)⊗N (K/π1(Pλ)) M
′(H/Qµ).
Given that isomorphism is compatible with the coboundary map, then
we have an isomorphism of cochain complexes.

In order to obtain a Kunneth formula for Bredon cohomology of a
Γ-CW-complex X×Y we need to recall the algebraic Kunneth formula,
for a proof see for example [Wei94, Thm. 3.6.3].
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Lemma 3.10. Let R be a commutative ring with unity and let (C, d)
and (C ′, d′) be R-cochain complexes, if Cn and d(Cn) are flat for each
n then there is a split exact sequence
0→
⊕
p+q=n
Hp(C)⊗R H
q(C ′)→ Hn(C ⊗R C
′)→
⊕
p+q=n+1
TorR(Hp(C), Hq(C ′)).
Finally we can introduce our main result.
Theorem 3.11 (Kunneth formula for Bredon cohomology of pull-
backs). Let Γ be a group coming from a diagram (0.1) and suppose
that (F ,F1,F2) is a sequence of compatible families of subgroups of
Γ. Let N be a Green functor over OrK(F), M be a π∗1N -module over
OrG(F1) and M′ be a π∗2N -module over OrH(F2). Let X be a F1-CW-
complex and Y be a F2-CW-complex. Then if we consider X × Y as a
(F1 ×F F2)-CW-complex there is a split exact sequence
0→
⊕
p+q=n
HpG(X ;M)⊗H0(K;N )H
q
H(Y ;M
′)→ HnΓ(X × Y ;M⊗N M
′)
→
⊕
p+q=n+1
TorH
0(K;N )(HpG(X ;M), H
q
H(Y ;M
′)).
Proof. It is a immediate consequence of Theorems 3.6, 3.9 and Lemma
3.10. 
4. Examples and applications
In this section we apply Theorem 3.11 in different cases. In particu-
lar, we compute Bredon cohomology with coefficients in representations
of the classifying space for proper actions for important examples stud-
ied in [VW95]. As a consequence we obtain a computation of twisted
orbifold K-theory αK∗(T 6/(Z/2Z)2) for some discrete twisting α.
Remark 4.1. Theorem 3.11 has the following consequences:
(i) Consider the direct product of two discrete groups G × H as
a pullback over the trivial group acting over a (G × H)-CW-
complex. Applying Theorem 3.11 we obtain the well known
Kunneth formula for direct product of groups. In this case the
tensor product is taken over Z.
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(ii) Consider the following pullback diagram over a finite group G
G
id
//
id

G
id

G
id
// G
If we apply Theorem 3.11 to the above pullback we obtain a
Kunneth formula for Bredon cohomology of the product of two
G-spaces with the diagonal G-action. In this case the tensor
product is taken over N (G).
On the other hand if we consider the trivial family and the constant
Bredon module R (where R is a commutative ring with unity) with the
G-space EG and the H-space EH we obtain the following Kunneth
formula for group cohomology of pullbacks
Theorem 4.2 (Kunneth formula for group cohomology of pullbacks).
Let R be a PID. There is a split exact sequence
0→
⊕
p+q=n
Hp(G;R)⊗H0(K;R)H
q(H ;R)→ Hn(Γ;R)→
⊕
p+q=n+1
TorH
0(K;R)(Hp(G;R), Hq(H ;R)).
Proof. Notice that the Γ-space EG×EH is a model for EΓ. Applying
Theorem 3.11 to the Γ-CW-complex EG×EH we obtain the result. 
Consider the Bredon modules R and Rα defined on the family of
finite subgroups. Applying Theorems 3.3 and 3.11 we obtain the fol-
lowing theorem.
Theorem 4.3 (Kunneth formula for Bredon cohomology of proper
actions with coefficients in representations). Let X be a proper G-CW-
complex, let Y be a proper H-CW-complex. Let α ∈ Z2(G;Z/nZ) be a
normalized torsion cocycle of G. There is a split exact sequence
0→
⊕
p+q=n
HpG(X ;Rα)⊗H0(K;R)H
q
H(Y ;R)→ H
n
Γ(X × Y ;Rp∗1(α))→⊕
p+q=n+1
TorH
0(K;R)(HpG(X ;Rα), H
q
H(Y ;R)).
When the group K is finite one can substitute H0(K;R) in the above
formula by the representation ring R(K).
